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ABST WCT 

A p e r t u r b a t i o n  theo ry  of he t e ronuc lea r  diatomic molecules based on 

i s o e l e c t r o n i c  homonuclear diatomic molecules  i s  developed. The h e t e r o -  

n u c l e a r  molecule i s  regarded as the i s o e l e c t r o n i c  homonuclear molecule 

p e r t u r b e d  by a t r a n s f e r  of charge from one nucleus t o  t h e  o the r .  The 

molecular  energy, e q u i l i b r i u m  i n t e r n u c l e a r  d i s t a n c e ,  d i s s o c i a t i o n  energy, 

and e l e c t r i c  d i p o l e  moment a re  considered,  The Hartree-Fock approxima- 

t i o n s  f o r  c a l c u l a t i n g  t h e  e f f e c t  of one - e l e c t r o n  p e r t u r b a t i o n s  are  a l s o  

d i s c u s  sed. 

2’ The theo ry  i s  a p p l i e d  t o  the i s o e l e c t r o n i c  molecules  CO and N 

By making u s e  of t h e  uncoupled Hartree-Fock approximation, t h e  f i r s t -  

o r d e r  wavefunction i n  t h e  p e r t u r b a t i o n  se r ies  i s  determined by t h e  

v a r i a t i o n a l  method, The c a l c u l a t e d  molecular  energy of CO i s  t o o  l o w  1 

and t h e  d i p o l e  moment i s + a  l a rge  i n  magnitude, However t h e  c a l c u l a t e d  

p o l a r i t y  i s  i n  agreement w i t h  the  r e s u l t s  of r e c e n t  Hartree-Fock 

c a l c u l a t i o n s  a t  t he  e q u i l i b r i u m  d i s t ance .  

- - - - -  
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I. INTRODUCTION 

The mot iva t ion  f o r  t h i s  i n v e s t i g a t i o n  i s  t h e  d e s i r e  t o  compare t h e  

molecules  CO and N t o  understand t h e i r  d i f f e r e n c e s ,  and i n  p a r t i c u l a r  

t h e  e l e c t r i c  dipoLe moment a f  CO and i t s  s1g-1~ The s t r i k i n g  s i m i l a r i t y  

o f  t h e  two molecules can be seen fr.m Table  I: t h e  bond d i s t a n c e s  

d i f f e r  by only  3 p e r  cen t ,  and altkough t h e  d i s s o c i a t i o n  ene rg ie s  

d i f f e r  by about 13 p e r  cent ,  t t e  rota1 TlicEeiclar ene rg ie s  are w i t h i n  

3.5 p e r  c e n t  of each o the r .  The p o l a r i t y  of t h e  d i p o l e  moment of  CO 

i s  very  d i f f i c u l t  t o  determine,  bu t  w a s  deduced i n d i r e c t l y  t o  be  C- O+ 

from microwave measurements of r o t a t i o n a l  magnet ic  moments and 

J = 1 e 0 r o t a t i o n a l  f requencies  f o r  va r ious  i s o t o p i c  s p e c i e s  of 

CO. However, d e s p i t e  t h e  i n i t i a l  suppor t  of t h i s  r e s u l t  by R a n s i l ' s  

Hartree-Fock c g l c u l a t i o n  us iog  a minimum b a s i s  se t ,  t h e  r ecen t  

Hartree-Fock c a l c u l a t i o n s  wi th  enlarged b a s i s  appears  t o  be 

converging t o  a computed va lue  of t h e  dipo!e moment of CO equa l  i n  

2>  

2 

magnitude, but  oppos i t e  i n  s ign ,  to t he  accepted exper imenta l  value.  135 

3 Nesbet po in ted  out ,  i n  a c r i t i c a l  d i s c u s s i o n  of  t h e  exper imenta l  

de t e rmina t ion  of  t h e  p o l a r i t y  of t h e  CO d i p o l e  moment, t h a t  t h e  s i g n  

of t h e  p o l a r i t y  has  n o t  i a  f a c t  been e s t a b l i s h e d  d e f i n e t e l y  by 

experiment a 

1 

In t h i s  paper,  a p e r t u r b a t i o n  theo ry  of he t e ronuc lea r  d ia tomic  

molecules  based on the  i s o e l e c t r o n i c  homonuclear molecules  i s  

developed. The he te ronuc lea r  molecule i s  regarded as t h e  i s o e l e c t r o n i c  

homonuclear molecule per turbed  by a t r a n s f e r  of  charge from one nuc leus  

t o  t h e  o the r .  The s i t u a t i o n  i s  f avorab le  f o r  such an approach s i n c e  

1 
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a 

t h e  p e r t u r b a t i o n  ope ra to r  i s  simply a sum of one -e l ec t ron  terms. 

molecular  energy, e q u i l i b r i u m  i n t e r n u c l e a r  d i s t a n c e ,  d i s s o c i a t i o n  energy, 

and e l e c t . r i c  d ipo le  moment are considered i n  S e c t i o n  11. 

t h e  va r ious  Hartree-Fock approximations f o r  c a l c u l a t i n g  t h e  e f f e c t  of 

one-electron p e r t u r b a t i o n s  are discussed.  

The 

I n  S e c t i o n  111 

I n  S e c t i o n  IV t he  a p p l i c a b i l i t y  

of t h e  p e r t u r b a t i o n  theory i s  c a r e f u l l y  considered and t h e  theory i s  

app l i ed  t o  t h e  molecule CO based on N2. 

11. GENERAL THEORY FOR DIATOMIC MOLECULES 

1. Molecular energy 

L e t  the he t e ronuc lea r  molecule AB of i n t e r e s t  have n u c l e a r  charges  

and be taken t o  be t h e  -per turbed cond i t ion  of t h e  i s o e l e c t r o n i c  

homonuclear molecule CC wi th  n u c l e a r  charges 0 = (2,t 2 d/2.. 
The e l e c t r o n i c  Hamiltonian of t he  -perturbed heteromolecule  can be 

w r i t t e n  

where i s  t h e  unperturbed e l e c t r o n i c  Hamiltonian and 4 i s  t h e  

D ar ame t er 

( 2 . 3 )  



The p e r t u r b a t i o n  v i s  a sum o f  one -e l ec t ron  ope ra to r s  

where q. and a r e  the  d i s t a n c e s  t o  t h e  e l e c t r o n  i from t h e  

nuc i e i  A and B r e spec t i1  e’sy, An important p rope r ty  of v i s  t h a t  

i t  i s  antisymmetric w i th  r e s p e c t  t o  i n v e r s i o n  o r  interchange of n u c l e i  

A and B (u-symmetry). 

The wavefunction f o r  a p a r t i c u l a r  nondegenerate e l e c t r o n i c  

s t a t e  and i n t e r n u c l e a r  d i s t a n c e  R of AB can be expanded i n  t h e  

f a m i l i a r  Rayleigh-SchrBdinger power s e r i e s  i n  A 

6 
Kato has proved t h a t  t h e  s e r i e s  converges f o r  a p e r t u r b a t i o n  such as 

E q .  (2.41, a t  l e a s t  f o r  small enough 3\. . *@’is t h e  wavefunction of 

t h e  homonuclear molecule f o r  t h e  same e l e c t r o n i c  s t a t e  ( i . e s 9  t h a t  

which i s  a d i a b a t i c a l l y  c o r r e l a t e d  by changing A )  and i n t e r n u c l e a r  

d i s t a n c e  R. We s h a l l  t ake  $‘ and t o  be normalized so  t h a t  
- (0) 

The e l e c t r o n i c  energy expansion i s  

where the terms i n  odd powers of A vanish by symmetry. * #)is t h e  
- - - - -  
YC 

This  can be seen by observing t h a t  t h e  energy must be i n v a r i a n t  t o  an 
in t e rchange  of n u c l e i  A and B ,  i . e  , A+-A 



2 ic : ~ c m i c  energy. of tke unpecturbed hononuclear molecule, and t h e  

;-coria -order e n e r g y  caeiii:;enr d2' i s  given by 

(2.9) 

r: Iqce Wt2' ITILS: 3e. nega t ive  fo r  a ground s t a t e ,  i t  fo;Slows t h a t  t he  

r m i e c u l a r  energy E e t  t h e  be te ronuclear  moiecuie must be lower Lhan 

ciiat cf che homonuclear molr.rstle EiQ')at leasc f o r  s m a l l  3\ 

2, EquZ!ibrium in t e :nvc le%r  distance 
I ---- 

L e t  w0 be the t ? q t f i i b r i u m  i n t e r n u c l e a r  d i s t a n c e  for t h e  

kmxnuc iea r  molecu,e e@ ; t t a t  15 

(2.10) 

S i x i i i c r l y  l e r  Re be rhe eqt,r?Lbriun i n t e t n u e i e a r  d l s t a n c e  f o r  t h e  

kz t e ronuc lea r  molecule AB; that  i s  
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D i f f e r e n t i a t i n g  E q .  (2,9) w i t h  respect. to R we tiav? 

(2.11) 

(2.12) 

If we put R=f%e and expard dE'%R about we o b t a i n  

OK 

where 

molecule. Thus Re-&, i s  e f  order  A' and t h e  s i g n  depends on the  

r e l a t i v e  magnitude of t h e  t w o  t e r n s  ig t h e  square b r a c k e t s ;  dN'ydf2 
w i l l  be n e g a t i v e  i n  g e n e r a l  because 

and becomes Z ~ T Q  a t  

k, z (d  2 e (0) /dRzj0 is t h e  fo rce -cons t an t  of  t h e  homonuclear 

1s n e g a t i v e  a t  R =  00 w (2) 

R =  6 

3,  D i s s o c i a t i o n  enerpy 

The d i s s o c i a t i m  energ> of t h e  h e t e r o n u c l e a r  molecule AB, De., 

and t h a t  of rhe h o n m u c l e a r  molecule,  Do are given by 
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Expanding €(Re) about Ro we have 

Using Eqs. (2.112) and (2 .131 ,  we get 

Hence making use of E q s .  ( 2 ,  3) aqd (2.16), we o b t a i n  

(2.14) 

(2.15) 

(2.16) 

where 

(2.18) 

Since w'*)(~,,) > O  
t h e  r e l a t i v e  magnitude of t h e  two tesms i n  Eq. (2.17). 

i n  genera l ,  the  s i g n  of Do -De depends on 

4. Elec t r ic  d i p o l e  moment 

The d i p o l e  moment of t h e  h e t e r s n u c l e a r  molecule AB i s  
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42.20)  

(2.21) 

(2.22) 
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Jmo has d i f f e r e n t  s i g n s  where V i s  t h e  l a r g e s t  and where fl i s  

t h e  l a r g e s t ,  This  i s  o n l y  l i k e l y  t c -  x c u r  f o r  h i g h l y  e x c i t e d  s t a t e s ,  

- ( I  - (0) 
if a t  a l l .  Since E~-E,  < 0 ws conclude t h a t  (\y )..t LJ! > , 

1 

t he  d ipo le  due t o  t h e  e l e c t r o n i c  charge s h t f t  caused by the  

-per turbat tot i ,  i s  negat ive.  This  conclusion i s  supported by the  

UnsBld approxfmaticn f o r  t h e  sr:m i n  E q n  ( 2 , 2 2 3 ,  which r e p l a c e s  the  

inc reas ing  denominators E,- E, b y  t h a t  of t h e  s m a l l e s t  non-vanishing 

term, say  E, -E, , 

( 2 . 2 3 )  

This  approximate 

e 

expres s ion  i s  necessarily negat ive.  

TQ decide t h e  s i g n  of (r) i t  i s  t h e r e f o r e  necessa ry  t o  perform 

an accu ra t e  c a l c u l a c i c n  of cbe elect-ron-fc term, I t  i s  i n t e r e s t i n g  

t o  note  t h a t  by Dalgarno ‘ s interchange theorem 7’8 t h i s  can be w r i t t e n  

i n  the  a l t e r n a t i v e  f e r n  

( 2 . 2 4 )  

0)  
where 3( is  the  s o l u t i o n  of t h e  equa t ion  

( 2 . 2 5 )  

Since  both V a n d , &  a r e  one -e l ec t ron  o p e r a t o r s  t h e  interchanged 

form does not possess  any obvious advmrage ,  
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5. Schwartz d i sc r iminan t  

A simple check on t h e  v a l i d i t y  o f  merely t a k i n g  t h e  l ead ing  

(0) terms i n  t h e  power ser ies  f o r  w-w i n  Eq. (2.6) and f o r  <p> i n  

Eq. (2.21) i s  provided by t h e  Schwartz- l ike i n e q u a l i t y  

Using Eqs. (2.6), (2.21) and (2.221, we ob ta in  

or 

(2.26) 

(2.27a) 

(2.27b) 

where o( is  t h e  p o l a r i z a b i l i t y  of t h e  homonuclear molecule  p a r a l l e l  

t o  t h e  axis, g iven  by 

(2.28) 

2' 
Th i s  i n e q u a l i t y  i s  checked below f o r  t h e  case of  CO and N 
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6. Energy d i f  i e  reni-.e is 1: separa-Loz 

The eZec trsnic enzrgy d i i f e r n e c e  a~ t h e  I n f i n i t e  i n t e r n u c l e a r  

s zpa ra t ion ,  [W(w) -W“C..)J can be e a s i l y  cornpsted u s i n g  t h e  

1/z -expansIan f o r  t h e  atmi’: eriergies,  

charge  Eo and N e l eL t rcns ,  t h e  s i e c t r a n z c  energy can be expanded as 

f 01 lows 

F a r  an atom w i t h  n u c l e a r  

For  t h e  per turbed  condit . ion,  t h a t  i s ,  an atom wi th  n u c l e a r  charge 

~o(It,,) and an &LOT m r l ?  nuckcar ck.argc & ( l - A )  t h e  t o t a l  energy i s  

S ince  W‘”(w)= 2 (Eo ,d) the  energy d i f f e r e n c e  i s  g iven  by 

That  i s ,  by Eq. ( 7 )  

Y 



1 L  

The i n t e r e s t i n g  f e a t u r e  i s  t h a t  w‘2’(m) c o n t a i n s  n e i t h e r  t he  d’.”t. ,c-  

r epu i s ion  term e(‘’((v) n o r  the  second o rde r  term c‘21(u) ~ rhc 

t h i r d  o r d e r  term e(3)(M) i s  expected t o  be very much smaller z l l a i l  

c(/d]. If t h e  i* e l e c t r o n  i n  a hydrogenic o r b i t a l  has print-ip=ii  

quantum number N. Ehen 

(0) 

L 

-t 
This  corresponds t o  the  energy d i f f e r e n c e  between the  ion p a i r  L! + 

and two n e u t r a l  atoms, C, each having N e l e c t r o n s .  

I11 THE HARTREE -FOCK APPROXIMATION 

I n  t h i s  s e c t i o n  t h e  c a l c u l a t i o n  of t he  e f f e c t  of a one-ele:-t 

p e r t u r b a t i o n  on an atomic o r  molecular system i s  discussed.  It t-2. 

a l r e a d y  been pointed out t h a t  the p e r t u r b a t i o n  V [Eq. ( 2 . 4 ) )  7. 

a sum of one -e l ec t ron  terms, Any p r a c t i c a l  c a l c u l a t i o n  of t h e  

p e r t u r b a t i o n  e f f e c t  w i l l  have e r r o r s  due t o  the  a c t u a l  s o l v i n g  :> t . 

p e r t u r b a t i o n  equa t ion  and t o  the i n e v i t a b l e  inaccuracy of t h e  

unperturbed wavefunction. The l a t t e r  source of e r r o r  may be more 

s e r i o u s ,  and hence the  Hartree-Fock approximation i s  of s p e c i a l  

‘ Y  



t 

1 2  

importance i n  t r e a t i n g  the  unperturbed and pe r tu rbed  systems on an equa l  

bssis. 

Since a cxnprehensive review paper on t h e  c a l c u l a t i o n  of t h e  e f f e c t  

9 
CI ’ one-electron p e r t u r b a t i o n s  on atoms has  r e c e n t l y  appeared t h e  Hartree- 

F m k  approximation a lone  w i  II be di.scussed, 

10-12 
1. The coupled Kartree-Fock ~ ip_~roximat ion  

To avoid mathematical  complexit)  we suppose t h e  atomic o r  molecalar  

system has a c losed  s h e l l  con f igu ra t lon .  Then i n  t h e  Hartree-Fock 

approximation t o  t h e  pe r tu rbed  s y s  t e m  t h e  per turbed wave func t ion  i s  

w r i t t e n  as 

2h 

where i s  t he  normalized ant isymmetr iz ing ope ra t e r .  R e s t r i c t i n g  I 

problem t o  a s c a l a r ,  one -e l ec t ron  p e r t u r b i n g  p o t e n t i a l  i n  f i r s t  -order ,  

( 3 . 2 )  

t.he s p i n - o r b i t a l s  qL s a t i s f y  t h e  eigenvalue equa t ions  

where 

( 3 . 3 )  



? 
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J.(L) and Kj(;) being def ined  by 
J 

I f  we  s u b s t i t u t e  

and 

(3.5) 

( 3 . 6 )  

( 3 . 8 )  

i n t o  Eq. ( 3 . 3 ) ,  t h e  equat ions  f o r  va r ious  o rde r s  are obtained by 

equa t ing  equa l  powers of  A . Thus, t h e  zero th-order  equat ion  

d e f i n e s  t h e  orthonormal se t  of unperturbed func t ions  

where 



t 
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0 
J?(;) and Idj(i) being de f ined  by 

The t o t a l  unpertarbed wavefunction i s  

and s a t i s f i e s  t he  equat,ion 

where 

0 and K. being given by 0 J. 5 L j  

(3.11) 

(3.12) 

(3.13) 

(3.14) 

( 3 . 1 5 )  

(3.16) 

( 3 .  17) 
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and W") i s  t h e  unperturbed Hartree-Fock energy, 

The f i r s  t -o rde r  equa t ion  determines 41,"' ; 

(3.18) 

where J! (1) and K;(i) I take t h e  forms 
J 

.19)  

(3.20) 

From Eqs. (3.9) and (3.19), kf') are determined; 

S i m i l a r l y  Idz) a r e  obtained from Eqs. (3.9),  (3.19) and t h e  

second-order equation. (See r e fe rence  10). The t o t a l  f i r s t -  and 

second-order e n e r g i e s  a r e  given by 

L 

t 
- - - - -  

expres s  ion  f o r  W (2) i nc ludes  9,lO t Dalgarno 's  

-& c<+. V+>@'' +.) 
s i n c e  

. Those terms, however, vanish 

l e a d s  t o  (4! b!') +(?-''' +-) = 0, 
L '  f L t  J 

L\/ .l c 3  3 )  L 
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(3.23) 

(3.24) 

The per turbed o r b i t a l s  i n  Eqs. (3.19) a r e  coupled toge the r  both by 

d i r e c t  and exchange i n t e r a c t i o n s ,  and consequent ly  t h e  equat ions  a r e  

awkward t o  solve.  This  coupled approximation has s o  f a r  on ly  been 

app l i ed  r igo rous ly  t o  t h e  eva lua t ion  of t he  p o l a r i z a b i l i t i e s  and 

14 s h i e l d i n g  f a c t o r s  f o r  t h e  He 10'113E3 and B e  sequences,  but  w i th  

very  encouraging r e s u l t s .  

2. The uncoupled Hartree-Fock approximation. 

The d i f f i c u l t y  i n  so lv ing  Eqs. (3.19) i s  due t o  t h e  coupl ing  terms 

which a r i s e  from the  demand f o r  s e l f - cons i s t ency  i n  t h e  presence of t h e  

p e r t u r b a t i o n  V. A s imple r  s e t  of  equat ions  f o r  t h e  f i r s t - o r d e r  

wavefunction can be obta ined  by n e g l e c t i n g  t h e  e f f e c t  of t h e  p e r t u r b a t i o n  

on the  Hartree-Fock p o t e n t i a l . "  

c a l l e d  uncoupled Hartree-Fock approximation i s  then 

The per turbed  equat ion  f o r  t h i s  so-  

(3.25) 
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where H i s  the  Hartree-Fock Hamiltonian f o r  t h e  unperturbed system, 

given by Eq. (3.15). 

p e r t u r b a t i o n  equa t ions  f o r  t he  one-electron f i r s t - o r d e r  func t ion  , 
corresponding t o  Eqs. (3 .19)  fo r  t he  coupled approximation. These 

methods l ead  t o  d i f f e r e n t  equat ions,  b u t  i n  s p i t e  of t h i s  t he  r e l a t i o n  

between them has no t  been c l a r i f i e d  i n  the  l i t e r a t u r e .  The d i f f e r e n c e  

between the  methods depends onwhether Eq. (3.25) i s  f i r s t  s epa ra t ed  

i n t o  one-electron equa t ions ,  t o  which p e r t u r b a t i o n  theory is  then  

app l i ed  (method A ) ;  o r  whether the p e r t u r b a t i o n  theo ry  i s  f i r s t  app l i ed  

t o  Eq. (3.25),  and t h e  r e s u l t i n g  f i r s t - o r d e r  many-electron equa t ion  i s  

then  sepa ra t ed  i n t o  one-electron equa t ions  (method B).  Both methods 

l ead  t o  t h e  same r e s u l t s  provided t h e  p e r t u r b a t i o n  equa t ions  are solved 

exac t ly .  Method A i s  cons ide rab ly  s imple r  than method B y  and i s  

t h e r e f o r e  t o  be p r e f e r r e d  when no f u r t h e r  approximations a r e  involved. On 

t h e  o t h e r  hand, i f  the equat ions cannot be solved a n a l y t i c a l l y ,  and a 

v a r i a t i o n a l  approximation i s  being sought,  t he  v a r i a t i o n a l  form of 

method B i s  appropr i a t e .  The e s s e n t i a l  d i f f e r e n c e  i s  t h a t  t h e  equa t ions  

of method A assume t h a t  t he  d i f f e r e n t  pe r tu rbed  o r b i t a l s  a r e  or thogonal ,  

whereas t h i s  i s  n o t  assumed i n  method B. 

0 
There a r e  two methods f o r  o b t a i n i n g  the  f i r s t - o r d e r  

Method A 

The pe r tu rbed  Hamiltonian HO -t A V occuring i n  Eq. (3.25) i s  a 

sum of one -e l ec t ron  o p e r a t e r s ,  and may be w r i t t e n  i n  t h e  form 

(3.26) 
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where 

(3.27) 

and t h e  t o t a l  per turbed  wavefunction \E must have t h e  de te rminanta l  

form 

(3.28) 

The many-electron equat ion  (3.26) can be separa ted  i n t o  one-e lec t ron  

equat ions  which are uncoupled, provided t h a t  t h e  o r b i t a l s  fL are 

or thogonal  t o  one another.  This  leads  t o  t h e  equat ions  

(3. 29) 

which a re  analogous t o  Eqs. (3.3) f o r  t he  coupled approximation. 

Eqs. (3.29) a r e  c o n s i s t e n t  wit.h t h e  assumption of or thogonal  o r b i t a l s ,  

s i n c e  i t  fol lows d i r e c t l y  t h a t  ( 9  q . > = O  if lAf +% , o r  i f  
1) J 

and have oppos i t e  sp in ,  and indeed, even i n  t h e  case  of 

degeneracy which i s  n o t  s p l i t  by V , i t  i s  always p o s s i b l e  t o  choose 

t h e  o r b i t a l s  so  t h a t  

(3.30) 

The p e r t u r b a t i o n  t rea tment  of Eqs. (3.29) i s  s imi l a r  t o  t h a t  of Eqs. ( 3 . 3 ) ,  
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. 

b u t  s impler .  The f i r s t - o r d e r  equat ion i s  

The t o t a l  second-order energy i s  

( 3 . 3 1 )  

( 3 . 3 2 )  

which i s  of  t he  same form as Eq. ( 3 . 2 4 ) .  Note t h a t  it follows from 

Eq. ( 3 . 3 0 )  t h a t  o r t h o g o n a l i t y  of ei and 4;. through f i r s t  

o r d e r  i n  A r e q u i r e  t h a t  

( 3 . 3 3 )  

This  c o n d i t i o n  can be e a s i l y  seen t o  fol low from Eq. ( 3 . 3 1 ) ,  and i n  

p a r  t i c u  lar  

( 3 . 3 4 )  

Method B 

I n  t h i s  method lo, l5 the  many-electron SchrBdinger equa t ion  (3.25) 

i s  f i r s t  o f  a l l  expanded i n  powers of A . The ze ro th -o rde r  

equa t ion  i s  the  unperturbed Hartree-Foek equa t ion  ( 3 . 1 4 ) .  The f i r s t -  

o r d e r  p e r t u r b a t i o n  equa t ion  i s  
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(3 .35 )  

where V is t h e  sum of one -e l ec t ron  p e r t u r b a t i o n ,  Eq. ( 3 . 2 ) .  We 

are i n t e r e s t e d  i n  s o l u t i o n s  of Eq. 

form, d e r i v a b l e  from Eq. ( 3 . 2 8 ) ,  

(3 .35)  which have t h e  antisymmetrized 

( 3 . 3 6 )  

Eq. (3 .35 )  may be sepa ra t ed  i n t o  one -e l ec t ron  equa t ions  by t h e  

fol lowing procedure: S u b s t i t u t e  Eq.  (3 .36 )  i n t o  Eq.  ( 3 . 3 5 ) ,  m u l t i p l y  

by a l l  +;(fi) except  +:(i) , and i n t e g r a t e  over a l l  e l e c t r o n i c  

coord ina te s  except  of e l e c t r o n  . The r e s u l t  i s  

The c r o s s  terms on t h e  r i g h t  hand s i d e  of Eq. ( 3 . 3 7 )  arise from the  

de t e rminen ta l  form of , and can t h e r e f o r e  be desc r ibed  as 

exchange terms. They guarantee t h e  cons i s t ency  of t h e  equa t ions  
15 

i r r e s p e c t i v e  o f  t h e  va lue  of t he  i n t e g r a l  ($! y!"), as can be seen  

by mul t ip ly ing  Eq. ( 3 . 3 7 )  by b and i n t e g r a t i n g .  
J '  L 

Y 
J 

C l e a r l y  t h e  s o l u t i o n s  9;' of Eq. ( 3 . 3 7 )  may n o t  be i d e n t i c a l  w i th  

those o f  Eq. (3 .31 )  der ived  by method A. Thus, i t  i s  e a s i l y  seen t h a t  
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(3 .38)  

where t h e  c o e f f i c i e n t s  cij are  a r b i t r a r y .  However, t h e  t o t a l  f i r s t -  

o r d e r  wavefunction *(”, given by Eq. ( 3 . 3 6 ) ,  i s  e s s e n t i a l l y  

independent of t h e  c o e f f i c i e n t s  cij and two methods t h e r e f o r e  g ive  

t h e  same r e s u l t s .  The second-order energy i s  given by 

It i s  e a s i l y  seen t h a t  

c o e f f i c i e n t s  c-.  e I f  t he  o r t h o g o n a l i t y  c o n d i t i o n  (3 .33)  i s  

s a t i s f i e d ,  t h e  double summation vanish,  and Eq. ( 3 . 2 3 )  f o r  w@’ 
recovered. 

w‘2) is  a l s o  independent of t h e  va lue  of t h e  

LJ 

is 

Method A i s  analogous to  t h e  procedure used t o  d e r i v e  t h e  

equa t ions  of t he  coupled Hartree-Fock approximation, d i scussed  i n  

S e c t i o n  111.1. Methods A and B are equ iva len t ,  bu t  s i n c e  Eqs. 

(3 .31)  and (3 .32)  of method A are s imple r  t han  Eqs. ( 3 . 3 7 )  and 

( 3 . 3 9 )  of method B, method A i s  c l e a r l y  t o  be p r e f c r n d  when no 

f u r t h e r  approximation i s  contemplated. 

H y l l e r a a s  v a r i a t i o n a l  p r i n c i p l e  

For  most molecular  systems i t  i s  n o t  p o s s i b l e  t o  s o l v e  t h e  f i r s t -  

o r d e r  p e r t u r b a t i o n  equa t ion  (3 .31)  a n a l y t i c a l l y .  However, v a r i a t i o n a l  
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approximations t o  @(I’ and W‘”can be found by u s i n g  t h e  Hy l l e raas  

v a r i a t i o n a l  p r i n c i p l e l o ’  l5 This  p r i n c i p l e  can be app l i ed  e i t h e r  t o  t h e  

t o t a l  f i r s t - o r d e r  p e r t u r b a t i o n  equa t ion  ( 3 . 3 5 )  o r  i n d i v i d u a l l y  t o  t h e  

equat ions ( 3 . 3 1 )  f o r  t h e  one -e l ec t ron  f i r s t - o r d e r  func t ions  T‘’ . 
The a p p l i c a t i o n  t o  t h e  many-electron equa t ion  ( 3 . 3 5 )  i s  s t r a i g h t -  

forward. For  t h e  ground s t a t e  of t h e  system, t h e  f u n c t i o n a l  

( 3 . 4 0 )  

where 

i s  an upper bound t o  t h e  e x a c t  second-order energy w‘a . 
o r d e r  t r i a l  f u n c t i o n  ’ p’ must have t h e  same form as t h e  e x a c t  

f u n c t i o n  9‘’’ , given by Eq. ( 3 . 3 6 ) ,  namely 

The f i r s t -  

( 3 . 4 1 )  

when Eq. ( 3 . 4 1 )  i s  s u b s t i t u t e d  i n t o  Eq. ( 3 . 4 0 ) ,  i t  may be reduced t o  

a sum of one-electron f u n c t i o n a l s ,  

( 3 . 4 2 )  



/c. (2) 
The minimization of w wi h respect. 
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3 i ;ariations i n  the  t r i a l  func t ions  

i s  t h e r e f c r e  e q , ~ i - ~ z k 2 ?  t 3  tk.e - i i i c ix iza t ion  of t he  i n d i v i d u a l  
(v ry 

one-e l ec t ron  functionals l.d2) The f u x t i o n a l  u",") of  Eq. ( 3 . 4 3 )  i s  

an  upper bo-ind t o  the  exac t  Expression 

(3 0 44)  

t hen  

( 3  D 4 5 )  

where 

Q = 1 - E I + . > < + . l  J 
J = I  

p r o j e c t s  o u t  a l l  ocsllpied z e r o t h - o r d e r  s p i n - o r b i t a l s .  
N 

The minimizat ion of s"' with r e s p e c t  t o  a r b f t r a r y  v a r i a t i o n  $7:') 
L 

l e a d s  a u t o m a t i c a l l y  t o  t h e  f i r s t - c r d e r  p e r t u r b a t f o s  equa t ions  ( 3 . 3 7 )  of 

method B s i n c e  the  orthogona:rty c o n d i t i o n s  ( 3 . 3 3 )  are n o t  assumed i n  

t h e  t r i a l  f u n c t i o n  o f  Eqo (3.419, I f  they  are assumed: then 

as po in ted  ou t  above, E q .  4 3 . 3 1 )  can b e  rep laced  by Eq. ( 3 . 3 1 ) .  

An a l t e r n a t i v e  v a r i a t i o n a l  procediire cc.sld be based on t h e  

s imple r  one -e l ec t r cn  €vnc c i m a l s  suggesr ~ _ d  by the  equscfons of  method A 

The s u f f i c i e n t  conditzoilhfg: t h e  c r t h o g o n a l i t y  r e l a t i o n s  ( 3 , 3 3 )  t o  be 
- - - -  

v a l i d  f o r  t r i a l  functions q!') , End t h e r e f o r e  f o r  Eq. 
reduce t o  Eq. 63.318,. i s  tha? &q"'=. l(+j 
allowed v a r i a t i o n s ,  

( 3 . 3 7 )  t o  
( a l l  j+< ) are 
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[Eq. ( 3 . 3 7 ) )  , namely 

( 3 . 4 6 )  

However, t hese  f u n c t i o n a l s  a r e  n o t  upper bounds t o  t h e  e x a c t  second- 

o r d e r  ene rg ie s  (&"(except f o r  t h e  lowest one -e l ec t ron  l e v e l ) ,  and 

hence i t  is necessa ry  t o  impose t h e  o r t h o g o n a l i t y  cond i t ions ,  Eq.  ( 3 . 3 3 ) ,  

on the  t r i a l  func t ions ,  namely 

c 

( 3 . 4 7 )  

The procedure of making the  3' of Eq. ( 3 . 4 6 )  s t a t i o n a r y  wi th  r e s p e c t  

t o  t h e  TI', s u b j e c t  t o  the  c o n s t r a i n t s ,  Eq. ( 3 . 4 7 ) ,  is  completely 

equ iva len t  t o  t h a t  based on t h e  f u n c t i o n a l ,  E q . ( 3 . 4 3 ) .  

L 
.?r 

For  a r b i t r a r y  

v a r i a t i o n s  S?;" , t he  Lagrange m u l t i p l i e r s  a s s o c i a t e d  wi th  the  

c o n s t r a i n t s  lead t o  t h e  c r o s s  terms on t h e  r i g h t  hand s i d e  of 

Eq. ( 3 . 3 7 ) .  I t  i s  i n t e r e s t i n g  t o  no te  t h e  r e l a t i o n s h i p  between t h e  

v a r i a t i o n a l  procedure d i scussed  h e r e  f o r  t h e  i n d i v i d u a l  e l e c t r o n s ,  and 

t h a t  proposed by Sinanoglu 8' f o r  e x c i t e d  s ta tes  of a system. 

,i 
Karplus-Kolker approximation 

The e v a l u a t i o n  of t h e  f i r s t - t e r m  of Eq. ( 3 . 4 3 )  i s  complicated by 

the  presence of t h e  non-local  exchange p o t e n t i a l  i n  Fo , which g ives  

r i s e  t o  two-electron i n t e g r a l s .  Karplus and Kolker15 n e g l e c t  t hese  

terms f o r  t h e  sake of s i m p l i c i t y .  Here we  b r i e f l y  d i s c u s s  t h e  
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approximation involved, 

T f  we a u b s t i t u r e  

( 3 . 4 8 )  

where t h e  square b racke t s  denote a c o m w t a t o r ,  

(3.10) i n t e  Eq. (3 ,43>,  WE o b t a i c  

By s u b s t i t u t i n g  E q .  

0 

J 
where K. i s  a non-local  exchange c o n t r l b u k i e n  t o  the  p o t e n t i a l  

de f ined  by E q .  ( 3 . 1 2 > ,  The second s u m s t i o n  t e r m  i n  Eq. ( 3 . 5 0 )  i s  t h e  

one neg lec t ed  by K a r p h s  and Rclker. 

K .  were a local pote~tia~.  he e x p l i c i t  € o m  of t h e  jth term i n  

the  sum i s  

Ir woiild c l e a r l y  van i sh  if 
0 
J 
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This  d i f f e r e n c e  may be s m a l l  i n  some cases ,  even though 

i s  n o t  n e g l i g i b l e .  I f  t h e  Hartree-Fock p o t e n t i a l  i n  Fo i s  r ep laced  

by the  s o - c a l l l e d  Sternhefmer p o t e n t i a l ,  la  which i s  l o c a l ,  then the  

K .  O i t s e l f  
J 

two-electron terms (3.51) do no t  appear. However, t h e  Karplus-Kolker 

approximation does no t  imply t h e  use Of t h e  Sternheimer p o t e n t i a l ,  o r  

t he  neg lec t  of K .  but simply t h a t  t h e  i n t e g r a l s  i n  Eq. (3.51) 

c a n c e l  each o t h e r  approximately. 

0 
J 

Using t h i s  approximation, t he  first.  tern i n  Eq. (3.43) can be 

w r i t t e n  i n  t h e  form 

(3.52) 

8 where the  commutator has been reduced by R well-known procedure. By 

s u b s t i t u t i n g  Eqs.  (3.48) and (3.52) i n t o  E q .  (3.43),  w e  have 

This  equat ion only invo lves  one-electron i n t e g r a l s .  

Most of t h e  previous c a l c u l a t i o n s  of second-order p e r t u r b a t i o n s  

a r e  c l o s e l y  r e l a t e d  to t h e  uncoupled Hartree-Fock approximation. The 

d i p o l e  and quadrupole p o l a r i z a b i l i t i e s  and s h i e l d i n g  f a c t o r s  f o r  t h e  

helium i s o e l e c t r m i c  sequence have been obtained by numerical  

i n t e g r a t i o n  of t h e  f i r s t - D r d e r  equa t ion  and by v a r i a t i o n a l  methods. 17 18 
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F o r  bery l l ium t h e  so l t i t ions  of Eq. 

p e r t u r b a t i o n s  kave been obtained by Dalgarno and McNamee. 

v a r i a t i o n a l  method u s i n g  E q .  (3.53) has  been employed f o r  t h e  c a l c u l a t i o n s  

of magnetic s u s c e p t i b i l i t y  of diatomic molecules by Karplus and Kolker 15 

( 3 . 3 7 )  f o r  d i p o l e  and quadrupole 

The 

and atomic d i p o l e  p o l a r i z a b i l i t i e s  by Yoshimine and Hurst .  20 

3.  Accuracy i n  t h e  Hartree-Fock approximation 

To examine t h e  e r r o r  involved, one can cons ide r  t h e  e f f e c t  of t h e  

change i n  t h e  unperturbed Hartree-Fock wavefunction q‘”’ produced 

by apply ing  a p e r t u r b a t i o n  which i s  t h e  d i f f e r e n c e  between the  Har t r ee -  

Fock Hamiltonian and the  a c t u a l  Hamiltonian of t h e  system. 

has  been shown by Dalgarno t h a t  i n  the  fully coupled approximation 

Thus it 

10 

t h e  second-order energy i s  c o r r e c t  through the  f i r s t  o rde r  i n  t h e  

e r r o r  of t h e  unperturbed Hamiltonian, whereas f o r  t he  second-order 

energy der ived  from the  uncoupled approximation t h e r e  i s  a non-vanishing 

f i r s t - o r d e r  co r rec t ion .  Hence coupled approximation should lead  t o  

much more a c c u r a t e  r e s u l t s  than t h e  uncoupled approximation. I f  w e  

employ Eq. (3.53) t o  so lve  the  p e r t u r b a t i o n  equat ion  by t h e  

v a r i a t i o n a l  method f u r t h e r  s a c r i f i c e  i n  accuracy i s  c l e a r l y  made. I n  

t h e  e v a l u a t i o n  of  t h e  matrix element 

t h e  terms which arise from the  non loca l  exchange p o t e n t i a l  i n  Fb 

are neglec ted ,  and i n  t h i s  way t h e  d i f f i c u l t y  of e v a l u a t i n g  two- 

e l e c t r o n  i n t e g r a l s  can be avoided. 

I n  cons ide r ing  t h e  p r a c t i c a l  approximation f u r t h e r  i n t r o d u c t i o n  

of e r r o r  has  t o  be recognized. S ince  the  a n a l y t i c a l  Hartree-Fock 

o r b i t a l s  are obta ined  i n  genera l  by expanding t h e  one-e lec t ron  
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rbhtals  i n  terms of a f i n i t e  s e t ,  t he  r e s t l l t i ng  $''I i s  no longer 

the exact Hartree-Fsck solu~ion t o  t h e  prob'hem Thus f i r s t - o r d e r  

coupled a~prsximation, by t he  l a c k  cf completeaess of t h e  basis s e t .  

Furthermore, i t  s h w 1 3  be ni3t:ced that, a5 E p s t e i n  has pointed out, i f  

one j s e s  an a p p r ~ x ; ~ a t e  g r e m d  s r a t e  w a v e f ~ n r r ~ o n  i n  the  v a r i a t i o n a l  

p r i n c i p l e  f o r  t he  aecond-Xder energy' Eke approxina te  energy need have 

no s p e c i a l  r e l a t i o n s t i p  ta t h e  exaLr 5-1ergj ( i t  may be l a r g e r  o r  

s m a l l e r )  

exac t  second-order energy. 22 

t o  t h e  ground s t a r e  H a r t  tee-Fock fun-cion, t hs  f i r s r - o r d e r  CQPreCtionS 

One obtains, a less w+:P contr2PLed approximation to t h e  21. 

However, i o r  a good a n a l y t i c  approximation 

o r d e r  energy, 

( 3  0 54)  

where Ub a r e  a f f s f r e  (re%.Pl basis SCL, and ai% a r e  l i n e a r  

variational parameters,  By t n t r o d u ~ r n g  Eq.  ( 3 ,  54) i n t o  E q .  (3.53) 

t h e  c o n d i t i o n  5 ;?)= 0 i s  equLva%ent t a r e q u i r i n g  
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These c o n d i t i o n s  lead t o  the set of s i m u i  taneous l i n e a r  inhomogeneous 

equa t ions  

(3.56) 

where 

(3.58) 

The c o e f f i c i e n t s  a;& 
of  Eq. (3-56).  Once those  c o e f f i c i e n t s  a r e  Jb t a ined  t h e  c o n t r i b u t i o n  

t o  the  second-order energy from i t h  spln-ovbltal W;(') [ E q o  (3.38)) 

i s  given by 

are found f o r  each o r b i t a l  by s o l v i n g  t h e  s e t  

(3.59) 
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where B: 
obtained by summing t h e  c o n t r i b u t i o n  of each s p i n - o r b i t a l .  

are given by Eq. (3.58). The t o t a l  second-order energy i s  

5. Dipole moment expres s ion  

I n  the Hartree-Fock approximation t h e  l ead ing  term of t he  d i p o l e  

moment of a he te ronuc lea r  molecule AB may be w r i t t e n  as (cf. Eq. (2.21)) 

(3.60) 

where qb' i s  the  unperturbed Hartree-Fock function,Eq. (3.13),  and 

q''' i s  given by Eq. (3.36).  By s u b s t i t u t i n g  Eqs. (3.13),  (2.20) 

and (3.36) i n t o  Eq. (3.60),  we  o b t a i n  

(3.61) 

where 

(3.62) 

I f  we intoduce t h e  v a r i a t i o n a l  s o l u t i o n  of t h e  f i r s t - o r d e r  f u n c t i o n  
cc rr 

where 4; has t h e  form of  Eq. (3.54),  Eq. (3.62) 

becomes 

(3.63) 
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where 

Hence the  d i p o l e  moment may be appsaxiadted bv the  fol lowing formula 

Note t h a t ,  i f  t he  o r thogona l i ty  c c n d i t  ian 13,4J)  i s  s a t i s f i e d ,  

Eq. (3.65) reduces t o  

(3.65) 

(3.66) 
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IV TREATMENT OF CO BASED ON N2 

1. E l e c t r o n i c  p o t e n t i a l  energy c u r v e s  

Let q‘:’ and wp’ be t h e  wave f u n c t i o n  and the  e l e c t r o n i c  

energy f o r  t he  l l awes r  ‘g: s t a t e  ef N which d s s s o c i a t e s  t o  N 

a toms i n  ground 4 S  s r a t e s ,  2nd q:’ 
2 

and wo’ be those f o r  t h e  

‘zt s ta te  o f  ?J w h i 6 - w ~  d i s s o c i a t e s  t o  t he  ions,  N’ and N-, i n  2 

ground P s t a t e s .  Thev LSI - I~  ~ L Z M L I C ~  p o t ~ n t i a l ~ ~  and e l e c t r o n  

a f f i n ~ t y ~ ~  O f  N ~ ~ T o T P ,  WQ -btaLa 

S i m i l a r l y  l e t  $ ana wi L e  t he  wave f u n c t i o n  and t h e  

e l e c t r o n i c  energy cf t he  lowest ’E’ s t a t e  of 60 which d i s s o c i a t e s  

t o  aeoms C and 0 sn 3P s t a t e s ,  and g2 and wt be those f o r  

t h e  ‘xt s t a t e  w h i c h  d i ~ ~ ~ ~ i a t e ~  t o  ions C -  and O+ i n  + S  

states.  Then us ing  i o n i z a t i o n  po ten t i a l2 ’  of 0 atom, and e l e c t r o n  

a f f i n i t y 2 4  of c a t o m  we o b t a i n  

I 
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Making use of t he  e l e c t r o n i c  ene rg ie s  of  N, C- and 0' which are 

computed from i o n i z a t i o n  p o t e n t i a l s  given i n  Moore, 23 t h e  energy 

d i f f e r e n c e  of 2N - ( 6 -  + 0') i s  given by 

W,(0 ' (4  - wr (4 
= { (1. Ps. of 0') +(I. Ps. of(!) t(€. A. o f t ) )  -2 (1- B.Of N) 
= [ 2029.66 + I 0 2 q . g I  + 1 . 1 ~ f  - 2.: 1+~~.65 4~ 

= 84.Z.q e v  

= 3.281 H 
( 4 . 3 )  

This  i s  t o  be compared wi th  the va lue  c a l c u l a t e d  by Eq. ( 2 . 3 4 ) ,  

which ag rees  w e l l  w i th  the  empi r i ca l  va lue  [Eq. ( 4 . 3 ) )  . 
The c a l c u l a t i o n  o f  t h e  energy d i f f e r e n c e  between C + 0 atoms 

and N + N atoms (ground states) 

given i n  Appendix. The r e s u l t ,  

i s  compared wi th  t h e  empi r i ca l  value,  3 . 7 4  

u s i n g  i o n i z a t i o n  p o t e n t i a l 2 3  of  each e l e c t r o n  of N, C and 0 atoms. 

The l e s s  agreement shows t h a t  t h e  h i g h e r  o r d e r  terms should be 

included i n  

u s i n g  &-expansion method i s  

wlo(00) - m/, (dp) 2 2. 8s 
H, which i s  computed 

l/g -expansions of t he  e l e c t r o n i c  e n e r g i e s  of atoms. 

The e l e c t r o n i c  e n e r g i e s  a g a i n s t  t h e  i n t e r n u c l e a r  s e p a r a t i o n  R 

are shown schemat i ca l ly  i n  Fig. 2. 



34 

2. Schwartz d i s c r i m i n a n t  

The ob jec t  cf t h i s  s e c t  ion i s  t o  check t h e  i n e q u a l i t y  Eq. (2.27b) 

ddf.ch i s  a check on the  v a l i d i t y  of t a k i n g  t h e  l ead ing  terms i n  t h e  

expansioa of t h e  e l e c t r o n i c  energy d i f f e r e n c e ,  W - W'O) ,  and t h e  

d i p o l e  moment, 0) 10 f i n d  (R,) = w, ( R o )  - 4 ' O ' ( R , )  
where R, i s  t h e  e q u i l i b r i u m  i n t e r n u c l e a r  d i s t a n c e  of N2,  we 

expand the  molecular energy of CO,  E, (R) , which i s  t h e  sum of 

t h e  e l e c t r o n i c  energy and the  i n t e r n u c l e a r  r e p u l s i o n  energy, about 

t h e  e q u i l i b r i u n  f n t e  rnuclear d Ls tance,  R e 

where 

A l s o  we no te  t h a t  

(d2E, f dR2)e 9 -fhe i s  the  f o r c e  c o n s t a n t  f o r  CO. 

where Dy' and 9 are t h e  d i s s o c i a t i o n  ene rg ie s  of N 2  and 

COO using Eqs. ( 4 , 5 )  and (4 .6 )>  we o b t a i n  

(4 .7 )  
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where z15 , ,?e and 2, are t h e  n u c l e a r  charges of N, C and 0. 

By making use  of t he  necessary molecular c o n s t a n t s  given i n  Table I, 

we  o b a t i n  

Thus the  i n e q u a l i t y  (2.27b) becomes 3.313 3 0.126, and t h e r e f o r e  

e a s i l y  confirmed f o r  t h e  case of N 2  and CO. The use  of t h e  l ead ing  

terms i n  t h e  p e r t u r b a t i o n  expansions i s  t h e r e f o r e  no t  i n  c o n f l i c t  with 

t h e  Schwartz i n e q u a l i t y .  

3. C o r r e l a t i o n  of t h e  e l e c t r o n i c  s t a t e s  and degeneracy 

The proposed p e r t u r b a t i o n  t r ea tmen t  i n  S e c t i o n  I1 expands the  

wave func t ion  9, 
about those f o r  t he  lowest s ta te  o f  N2,  namely q“’ 

I 

i n  powers of A =: (2 ,  - %3)/(&+?6) = 1/7 
expansions are given i n  Eqs. (2.5) and (2.6).  However, t h e  t r ea tmen t  

i n  S e c t i o n  I1 overlooks the fol lowing d i f f i c u l t y :  The e l e c t r o n i c  

s ta tes  of CO and N 2  which are r e l a t e d  by t h e  p e r t u r b a t i o n  theory 

must be “ a d i a b a t i c a l l y  c o r r e l a t e d ”  i n  the  sense t h a t  if A were 

reduced from 117 t o  0 the  states must become i d e n t i c a l .  

and energy W,(R) f o r  t h e  lowest s t a t e  o f  CO 

and w,@’(R) , 
e The 
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When t h e  atoms are sepa ra t ed  a t  R = 00 we know t h a t  i n  f a c t  

+ - 
t h e  s t a t e  C + 0 i s  c o r r e l a t e d  w i t h  N + N , and t h e  s t a t e  

N + N i s  c o r r e l a t e d  w i t h  C -  + 0'. That  i s :  

(4. l o )  

a1 though 

When R = 0 a t  t h e  u n i t e d  atom ( S i  ) t h e  e n e r g i e s  are independent 

o f  A s i n c e  t h e  n u c l e i  are u n i t e d  and only  t h e  t o t a l  charge  

matters, The c o r r e l a t i o n s  of t h e  states are shown schemat i ca l ly  i n  

(114) 

Figs .  3a, 3b, and 3c. 

Now t o  check t h e  a p p l i c a b i l i t y  of t h e  proposed p e r t u r b a t i o n  

theory,  we cons ide r  t h e  c r o s s i n g  p o i n t  of two s ta tes .  When R i s  

t h e  order  of t h e  equ i l ib r ium i n t e r n u c l e a r  s e p e r a t i o n  of  N 2  p o  ' 
we approximate two s ta tes  of CO as fo l lows:  

(4 .1%)  

where 2:) and 2:) are t h e  s o l u t i o n s  of t h e  f i r s t - o r d e r  p e r t u r b a t i o n  

e q u a t  ions 
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0 and W1 '3) = 0 due to w1 w2 Then since 

u-symmetry of V , we have 

(4.14a) 

(4.14b) 

put W1(l) = W2 (1) and neglect A2 terms i n  denominators, we 

obtain the approximate crossing point Ac 

(4.15) 

It is noticed that i\c 

we may assume 

1 Aw(O) I >> I A w ( ~ ) )  . (See Fig. 4a). 

is real only if 

& >> 1/7 since it appears to be 

AW(o) A W(2) < 0, and 
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A t  t he  l i m i t  as R + W  the  sepa ra t ed  ions  N and N -  a r e  i n  

26 
d i f f e r e n t  ground 'E' s ta tes  and t h e r e  e x i s t  fou r  'xt s ta tes  

which have equa l  e n e r g i e s  without  t h e  p e r t u r b a t i o n  V and i n t e r a c t  

each o the r  w i th  t h e  p e r t u r b a t i o n  V. Hence f o r  N+ + N -  a t  

R = 00 t h e  degenerate  p e r t u r b a t i o n  theo ry  should be appl ied.  

Suppose t h a t  fou r  'xS states  of N* -E N -  can be desc r ibed  by 

t h e  orthonormal wave f u n c t i o n s  9 (a, b) + l ( b . 4 ,  9 2(a,b)  and 

O 2 ( b , a )  where + l (b , a )  and f p(b , a )  are obtained from 4 l(a.  b) 

and 9 2(a,b) by in t e rchang ing  n i t r o g e n  n u c l e i  A and B. From 

t h e s e  four wave func t ions ,  we can c o n s t r u c t  two symmetric wave 

func t ions  and two antisymmetric wave f u n c t i o n s ;  

(4 .16)  

Since  the p e r t u r b a t i o n  V has u-symmetry t h e  s e c u l a r  equa t ion  i s  

0 l/i3 

(4.17) 
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where V . .  
LJ 

= < $ , Q $ >, Solving E q .  (4.17) we o b t a i n  the  lowest 

f i r s t - o r d e r  energy W (1) 

On the  o t h e r  hand t h e  separated atoms N + N a r e  i n  the  same 4S 

s t a t e  a t  t he  l i m i t  as R 3 -  and can be t r e a t e d  a s  a non-degenerate 

c a s e  s i n c e  only one 'x: s t a t e  e x i s t s .  Hence i n  gene ra l  we s h a l l  have 

Therefore  the  approximate c ros s ing  p o i n t  a t  R = 00 i s  

(4.18a) 

(4. 18b) 

(4 .19)  

Since  the  denominator i n  Eq. ( 4 .  19) i s  the  f i r s t  o r d e r  energy c o e f f i c i e n t ,  

( R  = d 
Hence we may conclude t h a t  t h e  proposed p e r t u r b a t i o n  theory can be 

may be smaller  than i/? (See Fig.  4b) .  

a p p l i e d  when R i s  n o t  t oo  large,  

4. C a l c u l a t i o n  of second-order energy and d i p o l e  moment 

Using the method Gutlined i n  Sec t ion  I I I . 4 , 5 , t h e  second-order 

energy and the  d i p o l e  moment have been c a l c u l a t e d  on a CDC 1604 

computer, F o r  t h e  p r e s e n t  c a l c u l a t i o n ,  i t  i s  convenient  t o  r e p l a c e  t h e  
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( 4 . 2 0 )  

(4 .21)  

and m e - e l e c t r a n  ope rh t3 . r  IS given by 

'The d i p o l e  nomer,t e x p r e s s i o n  [Eq.  (3 ,65)]  becomes 

( 4 . 2 2 )  

( 4 . 2 3 )  

(4 ,24)  



and 

( 4 . 2 6 )  
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-I 

The c a l c u l a t e d  r e s u l t s  of t h e  second-order energy, molecular  energy and 

d i p o l e  moment a r e  given i n  Table 11. To compare the  p r e s e n t  r e s u l t s  

w i th  those  of a d i r e c t  Hartree-Fock c a l c u l a t i o n ,  t he  molecular  energy 

and d i p o l e  moment of Nesbe t ' s  molecular wavefunction f o r  CO a r e  3 

shown i n  Table 111. To f u r t h e r  show the  dependence of t h e  second- 

o r d e r  energy and d i p o l e  moment on t h e  choice of t r i a l  func t ions  

t h e  c o e f f i c i e n t s  i n  the  fou r -  and seven-term p e r t u r b a t i o n  polynomials 

[ E q s .  (4.25a) and ( 4 . 2 5 b ) )  and a l s o  t h e  o r b i t a l  c o n t r i b u t i o n s  t o  

t h e  second-order energy and d i p o l e  moment are given i n  Table I V .  

- , c 

3 
The r e s u l t s  f o r  R = 2.068 B u s ing  R a n s i l ' s Z 7  and Nesbe t ' s  

molecular  wavefunrtions f o r  N as zeroth-order  wavefunction show t h a t  

t he  molecular p r o p e r t i e s  i n  t h i s  c a l c u l a t i o n  a r e  no t  ve ry  s e n s i t i v e  

2 

t o  t h e  choice of zeroth-order  wavefunction. (See Table 11). 

Furthermore, t h e  convergence of the second-order energy w a s  f a i r l y  

good f o r  the t r i a l  func t ions  chosen, as can be seen i n  Tables  I1 and 

IV. 

The c a l c u l a t e d  molecular  energy of CO i s  t o o  low by 2.0 6.0 H 

i n  t h e  given range of R and dec reases  too f a s t  as R becomes l a r g e r .  
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(See Tables  I1 and 111). Hence the c a l c u l a t e d  molecular energy does n o t  

g ive  a minimum i n  the  range of R i n v e s t i g a t e d  as implied by Eq. (2 .12) .  

I n  an at tempt  t o  ge t  an upper bound t o  t h e  molecular  energy E of 

CO , we approximate the  ground s t a t e  of CO as 

(4 .28)  

and the  expec ta t ion  va lue  of the e l e c t r o n i c  Hamiltonian H = H O  + 3 \ V  

i s  computed. The expec ta t ion  va lue  W ( 1 )  i s  given by 

(4. 29) 

where S = < q"), 
n o t  appear due t o  t h e  u-symmetry of V. Now i s  approximated by 

q"' by t h a t  (with seven- Nesbe t ' s  molecular  wavefunction f o r  N and 

t e r m  p e r t u r b a t i o n  polynomial) determined by the  uncoupled Hartree-Fock 

approximation. A s  shown i n  Table V, t h e  es t imated  expec ta t ion  va lue  

does n o t  g ive  an upper bound t o  t h e  molecular  energy E (cf .  Tables  I 

and 11). This  may be a t t r i b u t e d  t o  t h e  d e f e c t  of t h e  uncoupled 

Hartree-Fock approximation f o r  t h e  p re sen t  problem, s i n c e  t h e  ze ro th -  

o rde r  wavefunction appears  t o  be a good a n a l y t i c  approximation t o  t h e  

Har t r ee  -Fock func t ion .  

> and t h e  f i r s t -  and t h i r d - o r d e r  terms do 

3 
2 

The c a l c u l a t e d  d i p o l e  moment of CO i s  r i d i c u l o u s l y  l a r g e  i n  

magnitude compared wi th  the  r e s u l t s  of Hartree-Fock  calculation^^'^ and 

t h e  experimental  va lue .5  The l a r g e  magnitude of t h e  d i p o l e  
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moment i s  mainly due t o  t h e  abnormally l a r g e  c o n t r i b u t i o n  from t h e  t h e i r M  

o r b i t a l .  The p o l a r i t y ,  C 0 , agrees  wi th  t h e  Hartree-Fock r e s u l t s  

a t  the  equ i l ib r ium d i s t a n c e ,  bu t  does n o t  change s i g n  i n  t h e  v i c i n i t y  

of R = Re , u n l i k e  t h e  r e s u l t s  of t h e  Hartree-Fock c a l c u l a t i o n .  

+ -  
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. 

The p r e s e n t  q u a n t i t a t i v e  resu l t s  of t h i s  t heo ry  f o r  t he  i s o e l e c t r o n i c  

and CO are disappoint ing.  The c a l c u l a t e d  molecular N 2  molecules 

energy of CO i s  too  low and does n o t  g ive  a minimum i n  t h e  given range 

of i n t e r n u c l e a r  s e p a r a t i o n  R. It is shown, however, t h a t  t h e  p o l a r i t y  

of t h e  e l e c t r i c  d i p o l e  moment o f  CO agrees  w i t h  t h e  r e s u l t s  of r e c e n t  

Hartree-Fock  calculation^^'^ a t  the e q u i l i b r i u m  s e p a r a t i o n ,  i n  s p i t e  of 

t o o  l a r g e  va lue  i n  magnitude. I t  should be no t i ced  t h a t  SCF-LCAO-MO 

approximation t o  the  Hartree-Fock s o l u t i o n  of N 2  was employed f o r  

ze ro th -o rde r  wavefunction, and the  uncoupled Hartree-Fock approximation 

was used t o  determine t h e  second-order energy and the f i r s t - o r d e r  wave- 

func t ion .  The use of t h e  coupled Hartree-Fock approximation might 

improve t h e  r e s u l t .  

I t  i s  i n t e r e s t i n g  t o  note  t h a t  t he  molecular energy d i f f e r e n c e  

may be obtained d i r e c t l y  by means of t h e  i n t e g r a l  
A €  = Et0 - E N 2  

Hellman-Feynman theorem formulated by K i m  and Par r .  28 I n  t h i s  ca se  the  

theorem t akes  the  form, 

where the  f i r s t  term i s  t h e  nuclear-nuclear  r e p u l s i o n  energy d i f f e r e n c e  

and $'eo and QNz may be approximated by Hartree-Fock wavefunctions 

f o r  CO and N 2 .  The advantage of Eq. (5.1) i s  t h a t  i t  i s  v a l i d  whether 

or  n o t  AV i s  s m a l l .  I f  t h e  r i g h t  hand s i d e  of E q .  (5.1) i s  expanded 
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i n  powers of A , i t  reduces t o  t h e  p e r t u r b a t i o n  se r ies ,  E q .  ( 2 . 9 ) .  

A r e l a t e d  p e r t u r b a t i o n  t rea tment  f o r  ace ty l ene  based on t h e  

29 i s oe l e  c t r on i c mo l e  cu l e  has  been performed by Gi l son  and Arents .  

However, i n  t h i s  ca se  t h e  f i r s t - o r d e r  energy does n o t  vanish ,  and i t  

a lone  w a s  ca l cu la t ed .  The e r r o r  involved w a s  about  t w i c e  t h a t  i n  t h e  

p r e s e n t  paper, but  i n  t h e  oppos i te  d i r e c t i o n .  

N 2  

The s i g n i f i c a n c e  of t h i s  theory  i s  t h a t  i t  i s  a method of i n v e s t i -  

g a t i n g  molecular  p r o p e r t i e s  u s ing  p e r t u r b a t i o n  theory  and in t roduc ing  

t h e  p o s s i b i l i t y  of va ry ing  t h e  nuc lea r  charge.  Furthermore,  t h e  

p e r t u r b a t i o n  ope ra to r  [See E q .  ( 2 . 4 ) )  

one-e lec t ron  ope ra to r s .  The symmetry f e a t u r e  of t h e  p e r t u r b a t i o n  

ope ra to r  s i m p l i f i e s  t h e  a c t u a l  c a l c u l a t i o n  of t h e  energy and o t h e r  

molecular  p r o p e r t i e s  f o r  diatomic molecules  a s  shown i n  Sec t ion  IV. 4 .  

The one-e lec t ron  c h a r a c t e r  of t h i s  ope ra to r  a l lows the  use  of t h e  w e l l -  

developed theory of t h e  one-e lec t ron  p e r t u r b a t i o n  e f f e c t .  (Cf. S e c t i o n  

has  u-symmetry and i s  a sum of 

111). 

This  theory  might be extended t o  polyatomic molecules  and c r y s t a l s .  

‘ g H 6  ’ For  examp l e ,  borazine,  

as the  unperturbed system, and borazon, (BN), , with  diamond as t h e  

B3N3H6 , might be t r e a t e d  wi th  benzene, 

unperturbed system. For  t k  cases ,  = ( ? N - ? b ) / C e N - ? B ) =  116 . 
On t h e  o the r  hand, t h e  diatomic molecule BF , wi th  N as t h e  

unperturbed system, would have 

f o r  t h e  theory t o  work. 

2 

A = 217 , which i s  probably t o o  l a r g e  
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APPENDIX 

Energy d i f f e r e n c e  between C + 0 atoms and N + N atoms (ground 

s t a t e s )  by 112 -expansion 

For  an atom wi th  charge  and N e l e c t r o n s  t h e  e l e c t r o n i c  energy 

can be expanded by 

3 For C atom ( P) we must cons ider  t h e  degenera te  conf igu ra t ions  

and is2 2p4 For t h e  3P s t a t e  of C 
. I  ' 

1s22s2 zp2 
= 1 t h e  d e s c r i p t i o n  ' 30 r equ i r ed  Lie 

5 , '  

atom wi th  M L  = 1 and M 

(i) 1 1 SP, 2 s(x 7 2s B 7 2 p+ oc ; 2 Po o( ; ' I  

0 

From each d e s c r i p t i o n ,  only one S l a t e r  determhant i s  needed. Hence we 
a ,  

o b a t i n  a 2 x 2 m a t r i x ;  a n d t t h e  s e c u l a r  equa t ion  i s  
i r  > 4 / I  )_ ,  i 

.', I 

H.. i s  given by 
L L  
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where Jab and Kab a r e  t h e  coulomb and exchange i n t e g r a l s  between 

the hydrogenic s p i n - o r b i t a l s  a and b. Crossley and Coulson 
31 

computed coulomb and exchange i n t e g r a l s  f o r  hydrogenic wave func t ions .  

The off-diagonal  term i s  

where i n t e g r a t i o n  over the s p i n  p a r t s  has been c a r r i e d  out.  Then 

r ea rang ing  the  in t eg rand  and u s i n g  t h e  Ufford and S h o r t l e y  phase 

3 2  conversion 

s i n c e  the wave f u n c t i o n s  a r e  hydrogenic. Solving t h e  s e c u l a r  equat ion 

( A 2 ) ,  we f ind  e"'(6) = 3 . 2 6  H Hence f o r  C 

atom 

For the  N atom (4S ) and 0 atom (3P), t h e r e  i s  no degeneracy, 

Hence we need only cons ide r  t h e  c o n f i g u r a t i o n s ,  

f o r  N and 1s '  2 SL 2 p 4  f o r  0. Hence we  

o b t a i n  

iS22S2 2P3 
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From Eqs.  ( A 6 ) ,  ( A 7 )  and ( A 8 )  we g e t  

This  i s  t o  be compared wi th  the  empi r i ca l  va lue  c a l c u l a t e d  from the  

i o n i z a t i o n  p o t e n t i a l  of each e l e c t r o n  of N ,  C and 0 atoms, 
23 
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1 

6 -1 
F$ (A) Ee (H) D& (ev> k e ( l o  dyne cm 

1. 094a -109.586 9 ,  902a 2, 296a 
b 

b 
N 2  

11, 242c 1,906% co 1. 1281a -113.37 7 

TABLE I 

N e ( D )  

0. 

0.118(C 0 ) 
- + d  

Experimentak p r o p e r t i e s  of Nitrogen and carbon monoxide 

- - - _ -  
a. See r e f e r e n c e  26, 

b. See r e fe rence  2, 

c.  A. G. Gaydsn, D i s soc ia t ion  Energies,  r ev i sed  e d i t i o n  (1953) : 

De i s  co r rec t ed  f o r  zero-point  energy, 

d. See r e fe rence51  and 5 ,  
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- 

1.808393 

-112.66220 

0.0830 

TABLE 111 

1.932 2.132 2.323 2.455607 

-112.72952 -112.75878 -112.73211 -112.70106 

-0.0032 -0.1562 -0.3246 -0.4342 
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TABLE V 

Estimated expectation value of Hamiltonian with 
(O) + A *(O) was approximated b 

Nesbet's * = G 3  molecular wavefunction for N2 and (1) 
by the function containing the seven-term perturbation 
polynomial decermfned by the uncoupled Hartree-Fock 
approximation 

1.744393 

0.0808 

-4.997 

-114.433 

1.. 868 

0.1066 

-5.311 

-114.789 

2.068 

0.1731 

-5.776 

-115.231 

2.268 

0.2819 

-6.203 

-115.573 

2.391607 

0.3839 

-6.408 

-115.711 
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